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Abstract. L et a b e a complex, simple Lie algebra with Cartan subalgebra f) and Weyl 



o 
o 

G ' group W. In I MTL | , we introduced a new, IV-equivariant flat connection on f) with simple 

, ? , poles along the roo t hyperplanes and values in any finite-dimensional g-module V. It was 
conjectured in TL | that its monodromy is equivalent to the quantum Weyl group action of 

CO I the generalised braid group of type g on 1/ obtained by regarding the latter as a module 

Cn , over the quantum group UnQ- In this paper, we prove this conjecture for g — sl„. 



1. Introduction 



C^ . One of the many virtues of quantum groups is their abihty to describe the monodromy 

of certain first order systems of Fuchsian PDEs. If UnQ is the Drinfeld-Jimbo quantum 
group of the complex, simple Lie algebra g, the universal iZ-matrix of UnQ yields a rep- 
resentation of Artin's braid group on n strings Bn on the n-fold tensor product V®^ of 

^ ' any finite-dimensional fZ/jg-module V . A fundamental, and paradigmatic result of Kohno 

and Drinfeld establishes the equivalence of this representation with the monodromy of the 
Knizhnik-Zamolodchikov equations for g with values in y^"- [Dr3, Dr4, Dr5, Kol]. Lusztig, 



Q>^ ■ and independently Kirillov-Reshetikhin and Soibelman realised that UnQ also yields rep- 

CD . resentations of another braid group, namely the generalised braid group B^ of Lie type g 

^^ I |Lul, KR, |S^. Whereas the i?-matrix representation is a deformation of the natural action 



of the symmetric group S^ on n-fold tensor products, these representations of B^ deform the 
"^ \ action of (a finite extension of) the Weyl group VF of g on any finite-dimensional g-module V. 

\^ . The aim of this paper is to show that these quantum Weyl group representations describe 

^ \ the monodromy of the flat connection introduced in |MTL(| and, independently, in ||FMTV ]. 



More precisely, realise Bq as the fundamental group of the orbit space \)rc^/W of the set 

of regular elements of a Cartan subalgebra f) of g under the action of W [ pr| . Then, one 

C^ \ can define a flat vector bundle (V, V^) with fibre V over i)reg/W |MTL|| . The connection 



Vk depends upon a parameter /i G C and it was conjectured in [ [TLfl that, when h is re- 
garded as a formal variable, its monodromy is equivalent to the quantum Weyl group action 
of Bg on V. This conjecture was checked in [ p?Lj| for a number of pairs (g, V) including vec- 
tor representations of classical Lie algebras and adjoint representations of simple Lie algebras. 

In the present paper, we prove this conjecture for g = sl^, so that Bg = Bn. The proof relies 
on the Kohno-Drinfeld theorem for Unsik via the use of the dual pair (gl;j,g[„). Our main 
observation is that the duality between g[^ and g[„ derived from their joint action on the space 
A4k,n of k X n matrices exchanges Vk for sl„ and the Knizhnik-Zamolodchikov connection 
for slfc, thus acting as a simple-minded integral transform. This shows the equivalence of the 
monodromy representation of V^ for sin with a suitable i?-matrix representation for UfiSlk- 
The proof is completed by noting that the duality between t/fi,g[fc and UnQin exchanges the 
i?-matrix representation of Unsik with the quantum Weyl group representation of Ufisln- 
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This may be schematically summarised by the following diagram 



VKz,s[fc *- 



M 



k,n 



-* V^jSln 



KD 



R'',Un5lk 



ML 



Wn, Un5ir. 



The structure of the paper is as follows. In section we give the construction of the con- 
nection Vk following [MTL|. We show in section y^that the duality between gl;, and gt^j 
identifies the Knizhnik-Zamolodchikov connection for n-fold tensor products of symmetric 
powers of the vector representation of slk and the connection V^ for sin- In section ^ we 
recall the definition of the Drinfeld-Jimbo quantum groups UnQ^k and UhQln ^"^^i in section ^ 
show how they jointly act on the quantum k x n matrix space Sfi{M1 ^). The corresponding 
i?-matrix and quantum Weyl group representations of Bn on Sn,{Ml „) are shown to coincide 
in section ^. Section contains our main result. 

Acknowledgements. This paper was begun at the Reseach Institute for Mathematical 
Sciences of Kyoto University. I am very grateful to M. Kashiwara for his invitation to spend 
the summer of 1999 at RIMS and to RIMS for its hospitality and financial support. During 
my stay, I greatly benefitted from very stimulating and informative discussions with M. 
Kashiwara and B. Feigin. I also wish to express my gratitude to A. DAgnolo, P. Baumann, 
B. Enriquez, J. Millson, R. Rouquier and P. Schapira for innumerable, useful and friendly 
conversations. 



2. Flat connections on hj. 



The results in this section are due to J. Millson and the author |MTL|. They were obtained 
independently by De Concini around 1995 (unpublished). Let g be a complex, simple Lie 
algebra with Cartan subalgebra () and root system R C i)*. Let fjreg = f) \ \Ja£R^^^i'^) ^^ 
the set of regular elements in f) and V a finite-dimensional g-module. We shall presently 
define a flat connection on the topologically trivial vector bundle t)reg x V over ijreg- We 



need for this purpose the following simple flatness criterion due to Kohno | Ko2(| . Let i? be a 
complex, finite-dimensional vector space and A = {Hi}i^j a finite collection of hyperplanes 
in B determined by the linear forms (pi (z B*, i (^ I. 

Lemma 2.1. Let F be a finite-dimensional vector space and {rj} C End(F) a family indexed 
by I. Then, 



V = d 



E 

i&I 



(2.1) 



defines a flat connection on (B \A) x F iff, for any subset J '^ I maximal for the property 
that CljeJ^J '^^ ^f codimension 2, the following relations hold for any j & J 

h^T.rj'] = (2.2) 

j'eJ 
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For any a £ R, choose root vectors ea £ Qa-, fa ^ 0-a such that [bq, fa] = ha = a^ and let 



(a, a) 



[eafa + faea) G Uq 



(2.3) 



be the truncated Casimir operator of the sl2(C)-subalgebra of g spanned by ea,ha, fa- Note 
that Ka does not depend upon the particular choice of e^ and fa and that k_q, = Ka- 



Theorem 2.2. The one-form 



7 7 S~^ '^o; 
a — h y — Kq 
^-^ a 

a>~Q 



h \--^ da 

a — — y^ — f^r 



2 '-^ a 

aeR 



(2.4) 



defines, for any h a C, a flat connection on firog x V 



Proof. By lemma ^J|, we must prove that for any rank 2 subsystem Rq C i?, the following 



(2.5) 



holds for any a G Rq = Rq H i?+ 

[Ka, ^ Kf3]=0 

This may be proved by an explicit computation by considering in turn the cases where Rq is 
of type Ai X Ai, A2, B2 or G2 but is more easily settled by the following elegant observation 



of A. Knutson |Kn| . Let 50 ^ be the semi-simple Lie algebra with root system i?o, flo C f) 
its Cartan subalgebra and Cq G Z{Uqo) its Casimir operator. Then, X]0g_r+ ^p ~ ^o lies in 
10)0 so that (|2.5D holds since Ka commutes with f)o ^ 



Let G be the complex, connected and simply-connected Lie group with Lie algebra g, T its 
torus with Lie algebra f), N{T) C G the normaliser of T and W = N[T)/T the Weyl group 
of G. Let Bq = 7ri(f)reg/^) be the generalised braid group of type g and a : B^ ^> N(T) a 
homomorphism compatible with 



A^(r) 




(2.6) 



|Ij. We regard B^ as acting on V via a. Let [)reg 



l)reg be the universal cover of f)rcg and 



Proposition 2.3. The one-form p*\/^ defines a Bg-equivariant fiat connection on fji-cgXl/ 
P*{^icg X y). R therefore descends to aflat connection on the vector bundle 



V 



f)reg X n y 



^reJW 



(2.7) 



which is reducible with respect to the weight space decomposition of V and unitary if h £ il 



Proof. The action of i?g on ^'{t)reg,V) = Q*{i)j.eg)®V is given by 7 
if 7 € Sg projects onto w E W, we get using p ■ 'y~^ = w~^ ■ p, 

h v^ 



7P*V!^7"' 



d — — y^ dp*wa/p*wa (S> a{'y)KaCr{'y) 

aeR 



(7~^)*<»fT(7). Thus, 
(2.8) 
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Since Ka = 2 i^afa + faGa) IS independent of the choice of the root vectors Ca, fa 



Ad{a{'y))Ka = i^wa and (2^) is equal to p*Vf^ as claimed. p*Vj! is flat by theorem |2] 



commutes with the fibrewise action of f) because each k^ is of weight and is unitary because 
the Ka are self-adjoint ■ 



Thus, for any homomorphism a : Bg ^ N(T) compatible with ( |2.6D , proposition 2.3 yields a 
monodromy representation p'^ : Bq^> GL{V) which permutes the weight spaces compatibly 
with W. By standard ODE theory, p'^ depends analytically on the complex parameter h 
and, when h = 0, is equal to the action of Bg on V given by a. We record for later use the 
following elementary 

Proposition 2.4. Let 7 € -Bg = T^ii^vcg/W) and 7 : [0, 1] — > ()rog be a lift of j. Then, 

Plil) = <y{l)V{l) (2.9) 

where V(^) G GLiV) is the parallel transport along 7 for the connection V^ on (jreg x V- 

Proof. Let 7 : [0,1] -^ f)reg be a lift of 7 and 7 so that 7(1) = 7~-'^7(0). Then, since the 
connection on p*(f)reg x V) is the pull-back of V^, and that on (p*(f)reg x V)) /Bg the quotient 
of p*Vjj, we find 

piii) = Hi) = <^{i)ni) = <y{i)ni) (2.10) 



By I Br], B^ is presented on generators Ti, i = 1 . . .n labelled by a choice of simple roots Oj 



of R with relations 

TiTjT, ■ ■ ■ = TjT.Tj ■ ■ ■ (2.11) 



for any 1 < i < j < n where each side of ( 2.11 ) has a number of factors equal to the order of 



SiSj in W and Sk €^W is the orthogonal reflection across the hyperplane Ker(afc). Tj projects 
onto Si G W. An explicit choice of representatives of Ti, . . . , r„ in '7Ti{i)rcg/W) may be given 
as follows. Let t € Pireg lie in the fundamental Weyl chamber so that (t, a) > for any 
a £ R-^-. Note that for any simple root qj, the intersection ta^ = t — 2{i-,(^i)oii of the affine 
line t + C ■ a( with Ker(Qj) does not lie in any other root hyperplane Ker(/3), (3 G R\ {ai}. 
Indeed, if {ta-,P) = then 

2(t,/3) = {t,a^){a^,p) = {t,(3-SiP) (2.12) 

whence (t, /3) = —{t,SiP), a contradiction since Sj permutes positive roots different from a^. 
Let now D be an open disc in i + C • a^ of center t^. such that its closure D does not intersect 
any root hyperplane other than Ker(Q;j). Consider the path 7j : [0, 1] — > t + C • a^ from t to 
Sit determined by 7j|rQ i/3iu[2/3 11 is affine and lies in t + M-a^ \Z), 7j(l/3),7i(2/3) G dD and 
7j]m /g 2/31 is a semicircular arc in dD, positively oriented with respect to the natural orienta- 
tion of t + C • Qj. Then, the image of 7^ in f)reg/W^ is a representative of Tj in 7ri(()reg/W^, Wt) 



m- 



3. Knizhnik-Zamolodchikov equations and dual pairs 

We show in this section that the joint action of g[^ and qI^ on the space Mk,n of A; x n matrices 
identifies the connection V^ for q = sin and the Knizhnik-Zamolodchikov connection for st^. 



A KOHNO-DRINFELD THEOREM FOR QUANTUM WEYL GROUPS 



Let S{^Al. ^) = C[3;ii, . . . , Xkn] be the algebra of polynomial functions on M.k,n- The group 
GLk X GLn acts on S{Ml„) by 

{dk, 9n) p{x) = p{gixgn) (3.1) 

and leaves the homogeneous components 5'*(A1^„) of S{^A^^), d € N, invariant. The 
decomposition of S{M.*f,^) under GLk x GL„ is well-known (see e.g., ]Zb|, §132] which we 



follow closely or |Mc, §1.4] |^. Let N}^, Nn be the groups of k x k and n x n upper triangular 
unipotent matrices respectively. 



Lemma 3.1. 



S{Mlr 



\N^,xNn 



C[Ai 



I ^niin{fc,n)J 



(3.2) 



where A/(x) = det(a;jj)i<j j<i is the Ith principal minor of the matrix x. 

Proof. Assume for simplicity that k < n. Let V C iS(A^^^) be the subset of matrices x 
such that Aj(x) 7^ for z = 1 . . . k. By the Gauss decomposition, any x G 2? is conjugate 
under A'^^ x Nn to a unique k x n matrix d{x) with the same principal minors as x, diagonal 
principal kxk block and the remaining columns equal to zero. Consider now the kxn matrix 

/ Ai(x) A2(x) A3(x) ••• Afc_i(x) Afc(x) ••• 0\ 



m(x) 











-1 








(3.3) 



\ ••• -1 ••• / 

Since Ai{m{x)) = Ai{x), 1 < i < k, m{x) is also conjugate to d{x), and therefore to x, under 
A^^ X Nn- Thus, by density of 2?, a polyonomial p G S{M'l ^) is invariant under A^^. x Nn iff 
it is a function of m{x) and therefore iff it is a polynomial in Ai, . . . , A^ ■ 

Let Yp C N^ be the set of Young diagrams with at most p rows. For A E Yp, set | A| = Ylf=i ^i 
and let V^ be the irreducible representation of GLp{C) of highest weight A. 

Theorem 3.2. As GL^ x GLn~modules, 



S\Mln) 



e 



V. 



(fc) 



V. 



in) 



(3.4) 



AeY. 



min(fc,n) 1 



\X\: 



Proof. Assume again k < n for simplicity. By lemma 3.1, the highest weight vectors for 
the action of GLfc(C) x GL„(C) on S{M.l^) are the polynomials in Ai,... , A^ which are 



(fc), 



,(") 



M 



eigenvectors for the torus of GL^ x GLn- Since A/ is of weight w^ ©ci7| , where wf^ is the 
Ith fundamental weight of GLp, the highest weight vectors are the monomials A™^ • • • A^* 
with corresponding pair of Young diagrams (A, A) where 

A = (mi H h mfc, m2 -\ h mk, . . . , ruk) (3.5) 

Thus, ( |3.4[) holds since A; is a homogeneous function of degree / ■ 



As a glfc -module. 



'5(-A4t n) = C[xii, . . . , Xkl] • • • C[xi„, . . . , Xkn] 



(3.6) 



^I am grateful t o M . Vergne for pointing out that the decomposi tion ( |3.4|) was known long before ]Zh| and 
the work of Howe |Ho and to M. Brion for providing the reference |Mc|. 



6 V. TOLEDANO LAREDO 

~(k) 

and is therefore acted upon by the gl^j-intertwiners ^Ij , 1 < « < J < n, defined by 

n\f = Y, 1®^*'^^ ®Xa^ i®(i-i-i) ^X""® l®("-i) (3.7) 



a 



where {Xa}, {X""} are dual basis of gl^ with respect to the pairing {X, Y) = tr(Xy). On the 
other hand, as a 0(„-module, S{A4l^) is acted upon by the operators k\j, I < i < j < n, 
where 

is the truncated Casimir operator of the 5l2(C)-subalgebra of gi^ corresponding to the root 

(p) 
a = 9i — 9j. Let ei, . . . , Cp be the canonical basis of C^ and E^^^ ec = ShcSa, I < a,b < p the 

(p) 
corresponding basis of glp with dual basis E^^^ . Let 1 < i < j < n, then 

Proposition 3.3. The following holds on S{A4^^) 

2f^lf = 4^ -E^- 4;) (3.9) 

Proof. By (|3), n\f acts on S{MIJ as 

^ij = ^ XaiduXbjdaj (3.10) 

l<a,fe<fc 

where Xrc and drc are the operators of multiplication by and derivation with respect to Xrc- On 
the other hand, given that the s[2(C)-triple {ca, ha, fa} corresponding to the root a = 6i — 9j 
of 5[„ is {Elf^E^f - E^^\Ef}, the following holds on 5(X*,„) 



(n) 



/ ^ XaiOajXfjjOifi + X f)j OffiX aiOaj (O.ii) 

l<a,b<k 

Substracting, we find 

l<a,b<k 

as claimed ■ 



2nf-K^^ = - Y, SabXaidbi + 5abXbjdaj = -Ell'^-Eff (3.12) 



Let A G Ymin(A;,n) and V^ the corresponding simple G-L„-module. By theorem |3^, V^ 
may be identified with the subspace of vectors of highest weight A for the action of gl^ on 
S{M.1 ^). Denote by i : ^a ^ '^(■^fe n) ^^^ corresponding gl„-equivariant embedding and let 

H = (/ii, . . . , fin) G N" be a weight of V^ • 

Lemma 3.4. The embedding l maps the subspace VJ^"" [fi] C V^ of weight fi onto the sub- 
space M^ of vectors of highest weight A for the action o/gl^ on 

St^C'' = S'''&(^---(^S^'"C^ CC[X11,... ,Xkl]0---CSC[xin,... ,Xkn] (3.13) 

where S'^^^C'^ is the space of polynomials in xij, . . . ,Xkj which are homogeneous of degree fij. 
The corresponding isomorphism 

^i"^M= Ma (3.14) 

is equivariant with respect to (3„ which acts on ©j^gg „ S'^C by permuting the tensor factors 
and on Vx by regarding S„ as the subgroup of permutation matrices of GLn{C). 
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Proof. The equality t(y^^"^[^]) = M^ holds because S^C'^ is the subspace of S{MlJ of 

(n) 

weight /x for the 0[„-action since El^ x^ = Sijmx^j. The Sn-equivariance stems from the 
fact that the permutation of the tensor factors in S'C'' (g) • • • S'C'' = S*{C'' (g) C") is given 
by the action of S„ C GL„(C) action on C" ■ 

Let Vn = {{zi, ■ . . , Zn) € C"! Zi = Zj for some 1 <i < j <n} and X„ = C" \ Vn- Regard 
Cq = {(zi,... ,Zn) € C"| J21=i^j — 0} ^s the Cartan subalgebra of diagonal matrices in 
sin and X^ = Cq \ P„ as the set of its regular elements. Since the inclusion X^ C X„ is a 
homotopy equivalence, 'Ki{Xn) — 'Ki{X^) = Bn are generated by Ti . . . T^-i with 

TiTj = TjTi if|i-jj>2 (3.15) 

TiTi^iTi = Ti+iTiTi+i i = l...n-l (3.16) 

Define Q^f G Endg^^{S^'C'') by (|3) where now {Xa}, {X"} are dual basis of slfc and extend 
the connection ( p. 4] ) to X„ in the obvious way. The following is the main result of this section. 

Theorem 3.5. f : Xn ^ M^ C S'^^C^®- ■ •igS'^^C*'' is a horizontal section of the Knizhnik- 
Zamolodchikov connection 

^l. = d-hY.^-^^^f (3.17) 

iff the V^\^i]-valued function g = f ■ Y\ {z-i - 2^.)'»(/^i+/^j+2Mi/^i/fc) j^g ^ horizontal section of 

l<i<j<n 

^,^^_^^d|^^(.) (3.18) 

l<i<j<n ■' 

where h = 2h. 

Proof. Let l^'^) = X]j=i E^^ be the generator of the centre of gl^ so that, in obvious nota- 
tion, nlf = q\j^ + i7ri(l(''))^j(l(^')). The operators 2Q\j^ and 4f both act on M^ ^ ^i"^M 



and, by proposition 3.3, their restrictions differ by — /ij — fJ-j- The claim follows since, for any 
1 < / < n, TTi{l^ ') acts on S^C as multiplication by fii ■ 

Remark. When k = 2 and A is of the form (|//|/2, |;u|/2,0, . . .,0), where |/i| = X^j=i/Uj, 



theorem 3.5 is a representation-theoretic analogue of the coincidence between the Kapovich- 



Millson bending flows on the space of n-gons in M with side lengths /ii, . . .,;U„ [ KM ] and 
the Gel'fand-Cetlin flows on the Grassmannian Gr2(C ") |GS|| observed by Hausmann and 
Knutson in the context of Gel'fand-McPherson duality p3K| . I am grateful to J. Millson for 
a careful explanation of this coincidence. 

Remark. An interesting relation between V^ and the Knizhnik-Zamolodchikov connection 
was recently noted by Felder, Markov, Tarasov and Varchenko in |FMTV], where a variant 



of the connection ( |2.4D is independently introduced and studied. One of the main results 
of [FMTV| is that, for any simple Lie algebra g, the connection V^ with values in a tensor 



product Vi (S> ■ ■ ■ ®Vn oi n simple g-modules is, when supplemented by suitable dynamical 
parameters, bispectral to {i.e., commutes with) the Knizhnik-Zamolodchikov connection for 
Q with values in the same n-fold tensor product. An analogous result is obtained in P'VI for 



a difference analogue of the connection V^. By comparison, theorem 3.5 can only hold for 



g = sin, since it relies on the 'coincidence' of the regular Cartan of gl„ with the conflguration 
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space of n ordered points in C, and asserts the equality of the two connections. 

To relate the monodromy representations of Bn corresponding to V'^^ and V^, we need to 
specify how these induce flat connections on X„/6„ and X^/S„ respectively. For V^2! '^^ 
let &n act on the fibre 

Mj:c S-'C'' (3.19) 

by permuting the tensor factors and take the quotient connection. For Vjj, we use the 



construction of proposition 2.3 and the homomorphism a : Bn — > SLn{C) given by 

/I \ 






ij+i- 



exp(— ii^ 



(n) ^ 
j + 'i-j' 



exp(£/ 



iJ+i'' 



1 
-1 



V 



(3.20) 



1/ 



where the off-diagonal terms are the (j,j + 1) and (j + l,j) entries. A direct computation, 
or ||Tj, thm. 3.3], show that the assignement ( |3.20| ) does indeed extend to a homomorphism 
Bn —^ SLn{C). Choose the generators Ti . . . T„_i of Bn as at the end of section g. 

Corollary 3.6. Let ^ he a weight of V\ and 

7^^ i3„ ^ GL{ VM), 4z : Bn - GL{ M^) (3.21) 

the monodromy representations of the braid group Bn corresponding to the connections ( |3.18D 
d ( p.l7 ) respectively. Then, for any j 



an 



= l...n-l, 



■-jy — "kv-^j; " ■- ■"' -■-■'■- -- ^ . -. . - -o -■. (3.22) 

Proof. Let Sj G 5L„(C) be the right-hand side of (|3l20| ) so that Sj = {j j + 1) ■ e'^'^n 

in GLn{C). Let V^^^ ^k denote parallel transport for V^^ and V^ respectively. Then, by 
theorem |3.5| and proposition ^^, the following holds on M^ = Vxlu], 



SjVi^{Tj)e JJ e ^ " 



(3.23) 



7(1) ,p(") 



(") p(") 



as claimed 



h(rr\ -7Tih(E'">+EZ>.^,+2E'">E^.l>._^Jk) 



4. The quantum group UngL 



A") 



In this, and the following sections, we work over the ring C|^] of formal power series in the 
variable h. All tensor products of C[fi] -modules are understood to be completed in the ^-adic 
topology. For p G N, let Oij 



26ij — (5|j__j|=i, I ^ i,j < p, be the entries of the Cartan matrix 
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of type Ap^i and let UnQip be the corresponding Drinfeld-Jimbo quantum group [ Drl , Jil| 
i.e., the algebra over C|/i] topologically generated by elements Ei,Fi, i = 1 . . .p — 1 and Di, 
i = 1 . . .p subject to the q'-Serre relations 



[D,,E,] = {6^j-5ij+i)E, [Di,Fj] 



-(* 



«j 



Sij+i)Fj 



-,hH, 



-hH, 



l-a 



tj 



E(-i) 



\Ei,Fj\ 



"IJ 



JIJ 



g/i _ g-a 



fc=0 
1—a 



'■J 



fc=0 



k 



fpk rp . pi <^ij 1^ 



Tpk -p pi o-ij k 



0, Vi / J 



0, Vi/j 



where Hi = D, 



Dj+i and, for any n > A: G N, 



-nh 



e^-e^ 



[n\\ = [n][n-l] •••[!] 



n ! 



(4.1) 
(4.2) 

(4.3) 
(4.4) 

(4.5) 

(4.6) 
(4.7) 

(4.8) 



[A;]![n-A;]! 
UnQip is a topological Hopf algebra with coproduct A and counit e given by 

A(A) = A O 1 + 1 A 

A(Ei) = ^i ® e^^» + l^Ei 

A{Fi) = Fi(g)l + e-"^^ ® Fi 

and 

e{Ei) = e{F,) = e(A) = 

Note that I = Di + ■■■ + Dp is central so that UhQlp — Unslp 0C[I] {hj as Hopf algebras where 
the coproduct on C[/]|/i] is given by A (I) = / (g) 1 + 1 (g) / and UfiSlp C UnQip is the closed 
Hopf subalgebra generated by Ei, Fi and Hi, i = 1 . . .p — 1. 



(4.9) 
(4.10) 
(4.11) 

(4.12) 



By a finite-dimensional representation of UfiQip we shall mean a C/^jgL-module which is topo- 
logically free and finitely generated over C[^] and on which / acts semisimply with eigenvalues 
in C. Choose an algebra isomorphism (j) '■ UnQ^p -^ C/glpJ/i] mapping each Di onto En \ Dr2 , 
prop. 4.3] and let 1/ be a finite-dimensional gL-module on which 1*^^^ = Yl^=i ^a ^^^^ 
semisimply. Then, f/gl [?i] acts on VlhJ and the latter becomes, via (j), a finite-dimensional 
representation of UnQlp- Conversely, 

Proposition 4.1. Let V be a finite-dimensional representation ofUfiQlp and V = V/hV the 
corresponding gip-module. Then, as UnQlp-modules, 

V ^ Vm (4.13) 



Proof. Since / is diagonalisable on V and commutes with [//iflL, we may assume that it 
acts on V as multiplication by a scalar A E C. Since V is topologically free, V = Vlh} as 
C[^]-modules so that V is a deformation of the finite-dimensional sip-module V. Since sip is 
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simple, H^{slp, V) = and V is isomorphic, as sip, and therefore as gt^-module to the trivial 
deformation of V. Thus, V = VlhJ as C/0[p[/i], and therefore as C/;jg[p~modules ■ 

Corollary 4.2. Let U,V be finite-dimensional gL-niodules on which 1^^' acts semisimply. 
IfU^V decomposes as 



U^V^^NwW 



w 



for some glp-modules W and multiplicities Nw g N, then, as Uh^ip-modules, 



(4.14) 



(4.15) 



w 



Proof. By ( [4.14| ), both sides of ( 4.15| ) have the same specialisation at /l = and are therefore 
isomorphic by proposition 4.1 ■ 



5. The dual pair {Un^ik^UnQin 



We shall need the analogue of theorem 3^ in the setting of the algebra Sh{M*^ ^) of functions 
on quantum k x n matrix space. With the exception of theorems p.4| and ^.5| , this section fol- 
lows [Ba, §1.5] (see also |Ga|] ). By definition, SniM-ln) ^^ ^^^ algebra over Cfh} topologically 
generated by elements Xij, l<:i<k,l<j<n with relations 



Xij^kl — < 



XkiX, 



XkiXij 



ii k > i and I < j or k < i and / > j 
if k > i and I = j or k = i and / > j (5-1) 

g/i _ g-fi^XkjXii ii k > i and / > j 



e~ XkiXij 



Sfi(Ml. ^) is N-graded by decreeing that each Xij is of degree 1 and we denote its homogeneous 
components by 5^(7W^ ^), d G N. For any k x n matrix m with entries niij € N, set 



X" 



XI 



mil 
1 






vm 



'^kn 



vrriii vrain, vrriki v-rrikn 

^11 •••^In •••^fcl ■■■^fcn 



By the commutation relations (5.1), the X™, with m G Mk,n such that \m\ 
^hi^tn)^ where \m\ = Y.i,jT^ij- 



(5.2) 
d, span 



Theorem 5.1 (Parshall-Wang). The monom,ials X™, m S Alfc„(N), are linearly indepen- 
dent over CfhJ. In particular, the set {X^Ji^i^^ is a C[?i]-6asis of S^{A4l^). 



Proof. This is proved in | PW , thm. 3.5.1] for k = n and over the field C{q) of rational 
functions of q = e^ rather than over C[/i]. The proof however works equally well for k ^ n 



and, as remarked in |PW|, over C 



As in the classical case, SniM-l. „) is a module algebra over C/afllfc "^ UhQ^n- This may be seen 
in the following way. For any I G N, one readily checks that the assignement 



-^iJ ~^ Z^ "^*'' '^ '^^'- 



(5.3) 



i'=i 
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extends uniquely to an algebra homomorphism Afc/^ : 5ft(A^^ ^) -^ 5ft(A^^ ;) 05;i(A^;*^) such 
that, for any /,?tt- € N, the following diagram commutes 



MMU 



A 



kin 



SniMlA^SniMU 



A 



kmn 



lOA, 



Imn 



(5.4) 



Sn{MlJ(^Sn{M; 



A 



kirn 



1 



SniMlA^SniMlJfS^SniM'^^.r. 



In particular, Sh{M.*j^ ^) and SjiiM-^ „) are topological bialgebras with comultiplications A^kk 
and Annn respectively and counit e{Xij) = 5ij. Moreover, the maps A^^^ and Afc„„ give 
Sfi^Ml. ^) the structure of a Sji^M.*^ j^)~Sn{.M*j^ „) bicomodule algebra each homogeneous 
component of which is invariant under 5?i(A^^ ^) and 5?i(7W* „) since A};in{S'^{Adk,k)) C 
Si{Mk,k)®Si{Mi,i). 

We shall need a columnwise (resp. rowwise) description of the coaction of SniM^ k) (resp. 
Sfi{Mn n)) c"^ ^h[M*f^ ^). Consider the quantum k and n-dimensional planes i.e., the algebras 



Sh{Mk i) and Sh{Mi „)• By the commutation relations (l5.lD and theorem ^.l] , these may be 
embedded as subalgebras of Sri{M.l. „) via the maps 

cr-Sn{Mli)^Sn[Mln). c,{X,,) = X,, (5.5) 

n : 5^(-Mtn) ^ Sn{Mln), n{Xi,) = X.,, (5.6) 

with 1 < « < A;, 1 < J < n. By (^), 5;i(A^^ ^) is a left algebra comodule over Sri{.hA\ f.) and 
SniM-i n) a right algebra comodule over 5;i(A^* „). 

Lemma 5.2. ^s /e/it, f^-graded Sfi{M.*i^ ^^j-comodules, 

Sn{Ml^) - 5,(X^,J«" (5.7) 

ci(pi) • • • c„(p„)- Similarly, as right, ^-graded Sn,{M.*n^)- 



via the map $ : pi 
comodules. 



via ^ : qi 



'Qk 



ri{qi)---rk{qk)- 



Sn{Ml 



\®k 



(5.^ 



Proof. The map $ clearly preserves the grading and, by theorem 5.1, restricts to a C[/i]- 
linear isomorphism of homogeneous components since it bijectively maps the monomial basis 
of Sn{M]. i)*^" onto the basis X'" of Sh{Ml^). The fact that <1> itself is an isomorphism 
follows easily because any element of Sn{Min)®^ or 5;i(A^^^) is the convergent sum of its 
homogeneous components. As readily checked, the diagram 



Sn{Mlk)^^Sn{Mli] 
Afcfci 



1 



^kkn 



(5.9) 
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is coininutative for any 1 < j < n and therefore so is 



'5a(-MIn) 



'fcfci 



A 



kkn 



(5.10) 



^^(A^ti 



\Cgin 



$ 



5ft(XtJ 



where /i^") : 5^(7^^^,)®" ^ 5a(A4fc^fc) is the n-fold multiphcation. This proves (^. The 
proof of (|5.8D is identical ■ 



We turn now to the action of UjiQ^j^ ® UnQin o^ Sh{Ml „)• For p = k,n, consider the vector 
representation of UnQlp i.e., the module V = C^lfij with basis ei, . . . Cp and action given by 

Di = Eii, Ei = Eii+i, Fi = Ei+ii (5-11) 

where EabSc = SbcSa- Let e^ , . . . , e^ G V* he the dual basis of ei, . . . , Cp, C/^sC the restricted 
dual of UfiQlp and t^ E UnQip the matrix coefficient defined by 

[e\xej) (5.12) 



i^ij \X) 



Proposition 5.3. The assignement Xij -^ tij extends uniquely to a bialgebra morphism 
Kp : Sn{M;^p) - UnQfp. 

Proof. We need to check that the tij satisfy the relations (^.1|), i.e., that when evaluated 
on A(x), X G UhQip, 

tkl ® tij if k > i and I < j or k < i and / > j 

tij ®tki = { e~Hki ® tij ii k > i and I = j or k = i and / > j (5.13) 

tkl ® tij — (e^ — e~^)tkj ®tii ii k > i and / > j 

Let E)^ = a ■ R e End(F (g) V) where a G GL{V V) is the flip and R is the universal 
i?-matrix of UnQip acting on F ® F. Then |Ji|],lCP|, §8.3.G] 



R= ie''^Eii^Eii+ Yl ^ii ® ^n + (^^ " e"^) Z] ^*i 
so that the matrix entries of i?^ are 



■'^ikjl 



^Sjih j£ ^ _ ^ g^j^^ fc = j 



g/i _ e-?i 







if i = j, k = I and j > I 
otherwise 



E. 



ji 



(5.14) 



(5.15) 



From ( ^.15| ), one readily checks that both sides of ( ^.13 ) coincide when evaluated on any 
A S End(y ® V) commuting with i?^. Since R^ is a C/^jgl -intertwiner, k extends to an 
algebra morphism which respects the counit and coproduct since A(tjj) = Yl^=i tig ^ tqj ■ 

Theorem 5.4. 

1. The maps Kp, p = k,n of proposition |5..^ give iSa(A^^ „) the structure of an algebra 
module over UnQlk ® ^hS^n ^^th invariant homogeneous components 5^(A4^„), d gN. 
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3. The action of the generators Eg , Fq , q = 1 . . .p — 1 and Dq , q = 1 . . .p of UhQlp, 



2. The maps <I>, ^ of lemma |5.^ yield isomorphisms 

SniMlJ - SniMl,)^"^ and S^iM^ - 5,(A^t,n)^' (5.16) 

as N -graded UnQik 0,''^^ C/?ig[„-mo(iu/es respectively. 
The action of the generators Eq , Fq , q = 1 . . .p 
p = k,n in the monomial basis X'", m € Mk^n> is given by 

n 

L)f ) X'" = ^ mij X"* (5.17) 

n n 

£;f ) X™ = ^K+y] Yl e^('"«^'-""«+i/)X™+^'^^"»+« (5.18) 

n j-1 

i=l j'=l 

w/iere (eafe)cd = KcSbd, and 

k 

j^{n) x'" = ^ ruij X"" (5.20) 

i=l 

k k 

Ef^ y."^ = ^[mi,j+i\ JJ e^^^^'^-^^'^+i) X"^+^'^-^'i+i (5.21) 

i=l i'=i+l 

fc i-1 

p{n) ^m ^ Y^lrriij] Yl e-^('"«'^-""''^+i) x'"-^'^+^'^+i (5.22) 

i=l j'=l 

Proof. Using the transposition anti-involution r on SniM-l f.) given by t^Xij) = Xjj, we 
may regard SniMl. „) as a right algebra comodule over Sn{Ml. ^) 5a(Al5^_„) and therefore, 
via the pairings (•, •) : SjiiMmm) ® ^/lO'm ~^ C|^], m = k,n, given by proposition 5.3 as a 
left algebra module over C/^stfe'^^ftS^n- This proves (i) and (ii). Explicitly, for x^"^' G [/^gl^, 
m = k,n and p G 5;i(>l^ „) 

2,(fc) p ^ ^^(k) 1,^^1. Akknip)) (5.23) 

xWp=(l0x("),Afc,„(l5)) (5.24) 
Using ( 5.23| ) and ( 5.11 ), one gets 

Df^ Xi,j = 5u' Xij (5.25) 

Ef^ Xi,j = 5i+u> X,j (5.26) 

^i -^i'j ~ ^ii' -^i+lj (5.27) 

Using the algebra module property x{pq) = fi{A{x)p (g) q) where x G UfiQlj., p,q & SniM^ „) 
and fj, : 5a(A4^^)®^ — > 5ft(A^^„) is multiplication, ( |4.9|) - (|4.11| ) and the commutation rela- 
tions ( |5.lD shows by induction on ttt, G N that 

Df X,Tj. = 5,,,mX,'^ (5.28) 

^Cs) vm _ X. _..[^1 V..vm-1 



Er> X^^ = 5,+u' [m] X,,X™7/ (5.29) 

"^^ = 5u'[m] X^- 



Ff ) X^, = 5,,, [m] X™-iX,+y (5.30) 
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Let A('^) : Unglk ^ UnQlf'', a e N* be recursively defined by A^^) = id, A("+i) = A 
id®("-i) .A('^). Then, by (p|)-(|4ll|) 



6=1 
6=1 



(5.31) 
(5.32) 
(5.33) 



fe=i 



The formulae (^.17| )- (|5.19| ) now follow from the algebra module property and ( 5.3lD -( p.33 ) 
The proof of (|5. 20]) -( p. 221) is similar ■ 



The following result is proved in |Ba] and |Ga] for the quantum groups Uqglf^,Uqglji by a 
different method 



Theorem 5.5. For any d G N, the U^qI)^ (g) C/;i0(„~TOod-u/e 5^(A^^„) decomposes as 



'^G^min(fc,n) 

|A|=d 



(5.34) 



Proof. By theorem 5J-, 5^(A1^ ^) has no torsion, and is therefore a topologically free C[^]- 
module. Moreover, by (|5l^)-(|5^, 5^(X^ „)/n5^(M^ „) is the gtfcegl^-module S'^{Ml^J. 



The conclusion follows from theorem |3.2| and proposition 4.1 



6. Braid group actions on quantum matrix space 

We compare in this section two actions of the braid group Bn on the algebra Sn{M.l. ^) of 
functions of quantum k x n matrix space. The first is the i?-matrix representation obtained 
by regarding Sn{.Ml „) as the C/^gl;, -module Sni-M-l ^)®"'. The second is the quantum Weyl 
group action of Bn on SfiiM^ „) viewed as a C/;ig(„-module. We will show that these repre- 
sentations essentially coincide, thus extending to the g-setting the fact that the symmetric 
group &n acts on (S'C'')'^'^ = 5(A4^^) via the permutation matrices in GL„(C). 

More precisely, for any 1 < j < n, let BY be the universal i?-matrix of UfiQ^k acting on the j 
and i + 1 tensor copies of SniM^, „) = Sni-M.^ i)®"' and Sj the quantum Weyl group element 
of Ufigin corresponding to the simple root aj = 9j — 0j+i- We will show that 



R) 



S, 



-hiD^"'>+D^"'>D^".\/k) inD 
^ 3 J J + 1' ' ■ P. : 



(n) 



(6.1) 



where D 



(n) 



1 ' ■ 



,D 



(n) 



are the generators of the Cartan subalgebra of UhQln- The proof of 
(6.1) is based upon the following observation, which we owe to B. Feigin. Both sides of (|6.lD 
only act upon the j and j + I tensor copies of S^i-Ml i)®" so that its proof reduces to a 
computation in SniM^ i)®^ — Sni-Ml 2)- Since both sides intertwine the action of UnQlk on 
<Sa(A4^2)) it suffices to compare them on highest weight vectors. These, and the action of 



i?y are computed in §6.1. The action of Sj is computed in §6.2 
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Remark. It is easy to check that neither action of Bn is compatible with the algebra structure 
of SfiiM-l,^), so that ( |6.1D cannot be proved by merely checking it on the generators Xij. 
This stems from the fact that quantum Weyl group operators are not group-like. 

6.1. i2— matrix action on singular vectors. For any d G N, let S^C^ be the homogeneous 
component of degree d of Sni-M^. ^). By ( 5.17[ )-( p.l9| ), S^C^ is a deformation of the d~th 
symmetric power 5'^C'^ of the vector representation of gl^,. Let //i,/X2 S N, then 

Lemma 6.1. As UfiQlj^-modules, 

min(^i,^2) 



s^,^c'0S^,^&^ yj; 



(k) 



(6.2) 



i=0 



rik) 



where VL-! is the irreducible representation of gl/^ with highest weight (a,6, 0, ... ,0). The 

Kb) 
corresponding highest weight vectors v^^'^^ are given by 



v^^'^^ 



Y.^-^r 



a=0 



J^(^,^-a+l)x,.l-^+a^^ a ^ X'^T" X^., 



(6.3) 



Proof. The decomposition ( p. 21) follows from the Fieri rules for gl^ and corollary |4.2| . Fix 
zG {0,... ,min(/Ui,;U2)}. By (|5T7D, any v £ gf C^' ® 5f C^ of weight (/Ui + ^2 -i,i,0 . . . ,0) 
is of the form 



Y, ca xfr^+"^2r" ^ xtr^x^22 



(6.4) 



a=0 



for some constants Ca ^ C By ( |4.1C| ) and ( 5.1S| ), /S.{Ej)v = for any j > 2 so that u is a 
highest weight vector iff 



a=0 



(6.5) 



a=0 



is equal to zero. This yields Ca 



whence (|6.3|) 



-Ca-i e 

= (-ir 



ft(Ai2-2a+2) 



[i — a + 1] / [a] and therefore 



^M(i,2-a+l)^^ 



(6.6) 



Let i? be the universal i?-matrix of Unsik and R"^ = a ■ R : S'^'C'' 5f C'^ -^ Sf C*^' «) ^^^^C^ 
the corresponding [//jstfc-intertwiner, where a is the permutation of the tensor factors. 

Proposition 6.2. The following holds on S'^'C'' ® 5f C'^ 5f C'= (g) 5;;^C^ 

Proof. For any 1 < i < k — 1, let Si = {ii + 1) a &k be the ith elementary transposition 
and let 



yj, = (lk){2k-l)...{[^\\^]) 



(6.8) 
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be the longest element of &k- Consider the following reduced expression for wq 

Wo = Sk-i ■ ■ ■ siSk-i ■■■S2 Sk-iSk-2Sk-i = Sji • • • Si^.(fe_i)/2 (6-9) 

and let Pj = Sj^ • ■ ■ Si^_^{9i- — 6*4^+1) be the associated enumeration of the positive roots of 
slfc so that 

/?i = ^fc-i — ^fc; P2 = Ok-2 - (^k, ■■■ Pk-i = Gi-Ok, 

Pk = Gk-2 — dk-l, ■■■ P2k-3 = Gl — (^k-1, 

(6.10) 

Pk{k-l)/2 = 6*1-6*2 

Let Ep.,Ffj^ G Ufi5lk, 1 < J < k{k — l)/2 be the corresponding quantum root vectors so 
that S/3. = Ei and F/^. = Fi whenever Pj is the simple root Oj | Lu2 , prop. 1.8]. Then, 
I Kg ^, 0,lCP], thm.' 8.3.9] 

/ fc-l \ kik-l)/2 

R = e^p[h^H'(g)HA H e^Pq{{q-q-^)Ep^®Fp^) (6.11) 



i=l 



fc-l 



where {-ff*}j=i C f) is the basis of the Cartan subalgebra of sljt dual to {Hi}^^^ with respect 



to the pairing {X, Y) = tr(Xy), q = e^, 

exp,(x) = j:,'^("-)/^^ 



(6.12) 



n>0 



and the product in ( |6.11| ) is taken so that the factor exp^ ((g — q ^)Ep^ ® F^^,) is placed to 



the left of expq {{q — q )Ei3., ® Fp.A whenever j > j' . To compute R vf^ , note that for 
any positive root P j^ 61 — O2 and < a < ^1, 

EpX'^^-''X^^ = (6.13) 

since, by (|5l|), (^1 - a, a, 0, . . . , 0) + /? is not a weight of 5^'C^ Thus, using (|5l7D-(p^ 

E^w,/^2 =e^p^nY,H'0Hi\ expg ((g - g-i)Fi Fi) ?;f '^^ 

?i({/il— i+a+n)(/^2— a— ")+{«— a— n){a+n)— Mi/t2/fc) 

(6.14) 

gto(n-l)/2 (g/i _ g-ft)n [ ■ _ ^] , [^2 _ ^] , 



i=l 



E (-1: 



a 7ki(/^2— a+l) 



0<a<i 
0<n<i— a 



n 



[i — a — n]][ij,2 — a — n]l 
which, upon setting a = a + n, yields 



■^11 ^21 '^-^12 ^22 



^h{{iJ.i-i)(p2-i)-i-tJ.itJ.2/k) 



^(-1)" ^ e^(*-")('^i-*+"+^)5^'2Xfi^"^+"X^^"^Xf|""X2°2 



a=0 



where 

a 

S^ = e^(''-"+i) J^(-l)" 



n=0 



|/f__^^_+_^ ;i(Q-n)(/^-a+n+l)+?in(n-l)/2|' ^i _ g-?^^^^ 

[fi-a]\ 



(6.15) 
(6.16) 
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We claim that 5^ = 1 for any a < /i € N so that (|677|) holds. Indeed, using 
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OQ!>a 



a — 1 
a 



-ha 



e-'^ + Sa 



>0 



^h{a—a) 



(6.17) 



one readily finds 



S^ = e2'^(^-"+i)5^:} - (e2'^(^-"+i) - l)5^_i 



(6.18) 



whence 5^ = 1 by induction on a since 5q = 1 for any // G N 



6.2. Quantum Weyl group action on singular vectors. Let E, F, H be the standard 
generators of Ufi5l2- 

Lemma 6.3. The following holds in Sfi{M^ 2)? 






^<^'^^ = (/il-;U2)<^' 



i 



(6.19) 
(6.20) 
(6.21) 



Proof. By (|]2T|) 



a=0 



^^Mi,M2 ^ ^(-l)« ^ e'^(^2-a+i)[^2 _ a]e^(^-2«)xf-^i-^+»+ix^^" ® Xfl^^^^Xa^g 



a=0 



+ Z](~^)" ' e'^(^2-"+^)[a]Xfi^-'^+"X^^"+i0Xf|""X2V^ 



E(-ir 



a=0 



g?ia(/i2-a+l) 



[fX2 - a]e^(*-2")x(\^~^+"+^X^^" (g) Xfl^^^^Xs". 



22 



(6.22) 



a=0 



22 






[1^2 - ^]Y.{-lr 

a 

[fJ-2 - i\v: 



a=0 

Ml+1,M2-1 
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Similarly, by (|5.2^ 



F t-f '^^2 = ^(-l)"^ ^na(P2-a+i) [^^ _ i + a]X'll-'+''-^Xi-^'' Xfr'^+^^a^s 



a=0 



+E(-i)" 



a=0 



3?M{/i2-a+l) 



[i - a]e-^^^'^-^■'-'+'^"'^X'^l-'+^Xi^-^''-'^ (g) Xf|""X2"2+^ 



Y^{-lf ' e'^('^2"'^+i) [^ii - i + a]Xfi^"^+'*-^X^^'^ Xf|-'*+^X2"2 



a=0 



E(-ir 



0=0 



^ft(a-l)(^2-a 



+2)[a]e-^('^l-'^2-i+2a-2)^Mi-i+a-lj^i-a ^ Xf|"''+^X2"; 



22 



a=0 L - 

Finally, (|a2T|) follows from ( ^l20|) ■ 

Let now 

5 = exp,-, (g-ii?^-^) exp,-i (-F) exp^^i {qEq^)q^^^^^)l^ 

be the generator of the quantum Weyl group of Un^h ([ |Lu3| , |KR|, |So[ , we use the form given 
in [Ka, |S^) where q = e^ and the q'-exponential is defined by ( 6.12| ). 

Proposition 6.4. The following holds in 5a(A4^ 2); 



(6.23) 



(6.24) 



^^/il.M2 _ |-_]^\Mi-J„(Mi-«)(M2-J+l)^M2,/il 



(6.25) 



Proof. Fix fi,i £N with 2i < ^. By lemma 6^, the vectors u^ = v^ ^ '* , with < A; < 
H — 2i satisfy 

Euk = [k]uk-i (6.26) 

F Uk = [fJ- ~ 2i ~ k] Uk+i (6.27) 

Huk = {fi~2i~ 2k) Uk (6.28) 

and therefore span the indecomposable f7;iS[2^niodule of dimension /i — 2i + 1. Moreover, 



[^x-2i-k]\. 



[l^-'ii-k]\ p^-2i-fc„ 
[fi-2i]\ ^ ^^ [fi-2i]\ ^ ""^-^^ 



(6.29) 



Since A.d[S)H = —H, Suq is proportional to u^_2i and, by ( 6.24| ) is therefore equal to 



^j,—2iM,—2i 



{-ly-^'q 



-,uo 



[^Ji-2i\\ 

Next, using M{S)F = -q'^E and (|6.29D , we find 



(-l)^g'^-2*^ 



^i^-2i 



(6.30) 



5 «fc = ^^r, ^\.f^' Ad(5)F^ S^.0 = (-l)^-^('=+i)('^-2.-fc)^^_^^_^ (g_3i) 



[,i-2i]\ 
Thus, setting ^ = ^1 + /i2, so that v'^^'^^ = u^^^i, we find 



(6.32) 
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as claimed ■ 

6.3. Identification of R and quantum Weyl group actions. Fix 1 < j < n and let R)- 

be the universal i?-matrix of UnQik acting on the j and j + 1 tensor copies of SniMl ^)®". 
Let Sj be the element of the quantum Weyl group of C/^fl^n corresponding to the simple root 
^j - ^i+i- 
Theorem 6.5. The following holds on Sni^l n) 

Rj = Sj ■ e ^ J ^ J j+i' ' ■ e 3 (6.33) 

Proof. Let UhQ\{ C UnQin be the Hopf subalgebra generated by Ef'\ F'f\ Df\ of^^. By 
(|5.20| )-( |5l22| ), UhQ^2 ^"^^Y ^^^^ upon the variables Xjj,Xjj+i, \ < i < k. Thus, UhQl2 ai^d 



therefore Sj only act on the j and j'+l tensor copies Sh{Ml. i)j, Sh{M.X i)j+i oiSh{M.X i) 
Sh{M*k n)- Since this is also the case of i?^, the proof of (|6.33|) reduces to a computation on 



the ?7ft0lfc(g)C/ft0l^ -module Sn{Ml ^)j®Sn{Ml ^)j+i = Sn{Ml 2)- Both sides of dOSJ ) clearly 



commute with UnQik^ so it is suffices to check their equality on the singular vectors of 

Sn{Ml^,)j(E>Sn{Ml,),+i= ^rc'^^SfC'^ (6.34) 



i.e., on the vectors v^^'^'^ E S^^C^ ^ S'^^C^ of lemma |6.1| . By propositions S^ and 



^v ^m,/^2 ^ g, . g-;i(^i+;.i;.2/fc)^_-^^Mi yMi,M2 (g 35) 



/I K (ra) 

whence (|6.33D since, for any I < I < n, Dj^ gives the N-grading on SniM^ 1)1 



Remark. The coincidence of the two representations of Bn studied above was also noted by 



Baumann |Ba, prop. 12] in the special case when both actions are restricted to the subspace 



S^'C^fg)---^ S^-C" of SniMlJ where //i = • • • = ^„ = L 

7. MONODROMIC REALISATION OF QUANTUM WeYL GROUP OPERATORS 

The following is the main result of this paper. It was conjectured for any simple Lie algebra 



g by De Concini around 1995 (unpublished) and, independently, in |TL]. We prove it here 
forg = s[n(C). 

Theorem 7.1. Let q = 5l„(C), V a finite-dimensional Q-module, /i a weight ofV and 

y'= ® vM (7.1) 

the direct sum of the weight spaces of V corresponding to the Weyl group orbit of /x. Let 
vr^ : i?g — > GL{V'^lhl) be the monodromy representation of the connection 

d-hy^ — TTviK^) (7.2) 

obtained by regarding h as a formal variable. Let -nw '■ Bg — > GL(y^|/i]) be the quantum, 
Weyl group action obtained by regarding Vlh} as a UnQ-module with h = 2'Kih. Then, ir^ 
and TTw o.f^ equivalent. 
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Proof. We may assume that V is irreducible with highest weight A = (Ai, . . . , A„) where 
Xi € N. Regard ^ as a g(„-module by letting l*^") = Yll=i ^jj ^^^ ^^ multiplication by 
|A| = X^"=i Aj and fix some k > n. By lemma |3.4| , V[v] is isomorphic to the space M^ of 
singular vectors of weight A for the diagonal action of gi). on 

^u^k ^ gui^k ^ . . . ^ s^-C^ C S{Ml^J (7.3) 

and, by corollary |3.6| , the monodromy representation of the Knizhnik-Zamolodchikov con- 
nection ( 3.17 ) on 0j^gg M^ and vr^ are related by 

4^(T,-) = 7r;^(r,0e--^^(^.'"'+^l+i.+i+<"'^.'+i.+i/^')e^'^^ii' (7.4) 

where h = 2h. 

We shall now use the Kohno-Drinfeld theorem to relate vr^^ ^o the i?-matrix representation of 
Bn corresponding to the action of UhqIj^ on 5^C*^|/i]. Let for this purpose (j) : UnQl/^ —>■ UQlj^lh} 
be an algebra isomorphism whose reduction mod h is the identity and which acts as the 



l(fc)N _ Tp{k) 



identity on the Cartan subalgebras i.e., 4>{Dl ) = El- , I < i < k [lDr2| , prop. 4.3]. Then, 
UfiQl)^ act on each 5'^jC'^[^] via (p and on 

s^'C^'lhj • • • s^^&lhj = 5^ic^ «)•••(» s''-c''lhj = s'^&lhj (7.5) 

via the n-fold coproduct A '■"'•* : C/aS^fc ~^ Ufiglf^ recursively defined by 

A(^) = id (7.6) 

A^^'+i) = A0 id^("-i) oA('') , a > 1 (7.7) 

where A = A^^) is given by (^)-([4.11|). 



Let Aq be the standard, cocommutative coproduct on f/gl^ so that C/gt^ acts on S'^C'^ via 



A^"^ : UQlk -^ f/flir defined as in (|7jD-(^ with A replaced by Aq. Since A = Aq + o{h) 
and H^{5lk,5lk ©st^) = 0, there exists a twist F = 1 ® 1 + o{h) € Uglf^ '{h} such that, for 
any x G fZ/iflffc, 

0(g)(/)oA(x) = FAo(0(x))F-i (7.8) 

It follows that the actions of f/aS'fc and C/gl^[/i] on ^'^C'^ are related by 

^®WoA(")(x) = f(")a[,"^(0(x))F(")'\ xeUnQlk (7-9) 

where F^"^' € C/3[®"[?i] is recursively defined by 

f(^) = 1 (7.10) 

F("+i) = F ® l®('^-i) • Ao (8) id®("-^) (f(")), a > 1 (7.11) 

Let now M^ C ^'^C'^ and M^^ C 5'^C'^[^] be the subspaces of vectors of highest weight A 
for the actions of gl^ and UnQik respectively. We shall need the following 

Lemma 7.2. F^") M^lhj = M^^ 

Proof. Let 5^C'=(A) C ^''C^' and S^C''lh}{X) C ^'^C^l^l be the isotypical components of 
types Va and VxlhJ for glf. and UhQik respectively. The subspace F^"')5'^C'^(A)|^] is invariant 
under UnQik by (|t|) and its reduction mod h is equal to S''C''{X) since F^") = 1®(") + 
o{h). Thus, by proposition |4l|, F(")5''C^(A)[/i] is isomorphic to 5''C^(A)|?i] and therefore 



contained in cS'^C |?i](A). Since this holds for any A, the inclusion is an equality. Noting 
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now that F^"-> is equivariant for the action of the Cartan subalgebras of g[^ and Unglf^ since 
Aq o (j){h) = (j)^ (j) o A{h) for any /i G f), we get that 



F(") [S-^CHX)m) [A] (7.12) 



s-'c'miXM 



Mix 



as claimed 



Summarising, we have an action of i?„ on ©j^gg „ M'^ via the monodromy of the Knizhnik- 
Zamolodchikov connection and an action of Bn on ®^gQ u^ftA ^^^ ^^^ i?-matrix represen- 
tation of Unslk- Drinfeld's theorem |DrS, Dr4, |Dr5[| asserts that the twist F may be chosen 
so that 

F(") : MIM -^ A4-,A (7.13) 

is -Bn^equivariant so that, for any 1 < j < n — 1, 

ttI^{Tj) = F(")"^i?jF(") (7.14) 

where i?^ is the universal i?--matrix for Ufislk acting on the j and j+1 copies of ©j^ge„M '^'^C^ {h 
and h = TTih. 

Let now Sfl{^A'^^) = {Sfi{Ml i))®" be the algebra of functions on quantum k x n matrix 
space defined in section g and, for any i/ G N", let 

5;^c'= = 5;^ic'^®---®5;^"C*^ (7.15) 

be the space of polynomials which are homogeneous of degree Vj in the variables Xij, . . . , X^j, 
for any I < j < n. By (|5T7|)-(|5l9D, S^C'^/hS^C'' is the glfc-module ^'^C'^ so that, by propo- 
sition 4.1, we may identify 5^C'^ with ^'^C'^J/i] as f/^gt^ -modules. 

By theorem [5.5| and the fact that the N-grading on the jth. tensor factor of Sfi{Ml. „) — 
{Sfi{M.l j^))^"' is given by the action of D^ , the space M^^ is isomorphic to the subspace 
V^ [i^]|fi] C V^ [?i] of weight u. Using now theorem S.5, we find 



7r„, ., , , , 

(7.16) 



where Sj = 7rvy(Tj) is the quantum Weyl group element of f/;i0l„ corresponding to the simple 
root aj = Oj - Oj+i. Since for any /, sj"^ = dJ"^ on V^' ^ ©^^ge^ ^A ^e get 

where p^^' = ^ X],=i(n. — 2j + 1)-Dj" is the half-sum of the positive (co)roots of sin • 
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Remark. Theorem 7.1 is proved in [rL| for the following pairs (g, V) where g is a simple Lie 
algebra and V an irreducible, finite-dimensional representation 

1. g = SI2 and V is any irreducible representation. 

2. g = s(„ and F is a fundamental representation. 

3. g = 50n and V is the vector or a spin representation. 

4. g = sp„ and V is the defining vector representation. 

5. g = ee, e? and F is a minuscule representation. 

6- g = g2 and V is the 7-dimensional representation. 

7. g is any simple Lie algebra and F = g its adjoint representation. 
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